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A new approach to numerically solving problems of the elastodynamics of arbitrarily shaped bodies with

nonuniformmaterial properties in rotation has been proposed in the present study. The present approach is based on

first principles and is well suited to the study of problems of fluid–structure interaction and wave-based structural

health monitoring. The governing hyperbolic partial differential equations of elastodynamics are cast in strong

conservation form in the noninertial frame of reference and in generalized curvilinear coordinates. The results are

obtained directly in the time domain. No special boundary treatment is required at material interfaces, and

predictions canbemadewith andwithoutmaterial damage in a given structure for damagedetection of the structure.

The effect on the dynamics of a rotating annulus due to centrifugal force and, additionally, Coriolis force at high rates

of rotation is studied. The partial differential equations are solved using a new dissipative time-centered leapfrog

scheme presented here. A one-dimensional theoretical analysis of the numerical scheme shows that the new scheme

has well-defined stability and dissipation characteristics. A comparison of the new scheme with a conventional

dissipative time-centered leapfrog scheme shows that much larger time steps can be taken with the new scheme than

allowed by the existing scheme. A dissipation-dependence study demonstrates that as the dissipation parameter is

decreased, the steady-state solution uniformly approaches the exact solution. For larger values of this parameter,

although the natural frequency of the system is not altered, the system vibrations damp too quickly, and the steady-

state solution deviates from the exact steady-state solution. The larger the dissipation parameter, the larger this

deviation from the exact steady state. The present scheme is very simple to incorporate in a finite difference

simulation of elastodynamics in generalized curvilinear coordinates, and it has been used in the software FiDDLE,

which solves the velocity-stress system of elastodynamic partial differential equations. It will be used in simulating

fluid–elastodynamic interaction of the Mars Science Laboratory canopies and other decelerators such as inflatable

aerodynamic devices as well as in wave-based structural health monitoring of these systems. Other applications

include elastodynamics of turbomachinery blades, computer disk drive, and cutting-tool industry applications.

Nomenclature

Cp = dilatational wave speed,
��
�

p
��� 2��=��

Cs = distortional wave speed,
��
�

p
�=��

E = Young’s modulus of elasticity
f = body force
J = Jacobian of coordinate transformation
qi, Q = velocity vector
R = right-hand side terms
r = radius
u, v, w = velocity components
x, y, z, t = Cartesian coordinates and time coordinate
�ij = Kronecker delta
�, � = Lame constants
�, �, �, � = generalized curvilinear coordinates and time

coordinate
� = material density
	 = Poisson’s ratio

 = symmetric stress tensor
� = rotational speed

Subscripts

i, j, k = indices for coordinate directions

Superscript

T = vector transpose

I. Introduction

T HE solution of elastodynamic partial differential equations by
staggered-grid finite difference method became popular with

the work of Virieux [1] and Madariaga [2]. Many such studies [1–5]
were related to seismological applications. Subsequently, other finite
difference simulation studies were reported in the literature (e.g., [6–
11]). Most of these finite difference studies used the staggered-grid
scheme [1–3] in Cartesian coordinates. To the author’s knowledge,
three-dimensional finite difference simulations of elastodynamics of
nonhomogeneous bodies in generalized curvilinear coordinates
using this staggered-grid approach was first reported by the author
[12–14] in simulating gear vibrations. Influx-conservation formwith
nonuniform material properties and in generalized coordinates, the
staggered-grid finite difference method becomes very involved. To
solve such problems of elastodynamics of arbitrarily shaped bodies
of nonuniformmaterial properties using finite differences, a recourse
to generalized curvilinear coordinates has to be made. It is with this
motivation that the present study has been carried out, and this entails
a simpler numerical scheme for the generalized coordinates, such as a
time-centered leapfrog scheme with an appropriate dissipation term
with proper damping and stability characteristics. Survey and use of
such schemes in the literature [15] made it clear that a better scheme
could be developed for our purpose. Thus, a new dissipative time-
centered leapfrog scheme is proposed here that is shown to be clearly
superior to the one reported in the literature (e.g., [15]), by a
comparison of solution convergence histories for a typical test case.
The results are obtained directly in the time domain. For nonhomo-
geneous bodies, no special boundary treatment is required atmaterial
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interfaces, and predictions can be made with and without material
damage for damage detection of a given structure. The new dissipa-
tive leapfrog scheme has been incorporated in the elastodynamic
solver FiDDLE [12,16] to compute the known two-dimensional
exact steady-state solution for a rotating annulus by following the
unsteady development in time to an eventual steady state. The solver
FiDDLEuses an enhanced automated elliptic grid generation scheme
[17,18] and can thus generate a structured computational grid over
any arbitrary geometry. The rotating annulus case was chosen for
simplicity because it easily mimics the effect of an internal pressure
acting radially outward on any annular structure through themodeled
centrifugal force, similar to the forces experienced by an inflatable
aerodynamic decelerator or a canopy in flight. Also, the finite
difference methodology presented here will be applied to structural
health monitoring (SHM) [19–25] of such systems.

II. Governing Equations

The three-dimensional linear elastodynamic equations of motion
describing the principle of momentum conservation and the consti-
tutive equations governing the wave phenomena within an isotropic
elastic body can bewritten as a system of nine equations: three for the
velocities and six for the stresses [1–5], respectively. The velocity
equations are given by

�@tqi � @j
ij � fi (1)

where the velocity vector qi � �u; v; w�, the body force vector is
given by fi � �fx; fy; fz�, and the symmetric stress tensor 
ij has six
distinct components. The stress tensor is expressed by the following
tensorial equation:

@t
ij � ��ijdivQ� ��@jqi � @iqj� (2)

where divQ is the divergence of the velocity vector Q�qi�, �ij is the
Kronecker delta, and � and � are the Lame constants. The elastic
quantities � and � are functions of space for a nonhomogeneous
body.

In the rotating frame of reference, the velocity equations (1)
become [12,26,27]

�@tqi � @j
ij � @i�j� � rj2=2� � 2�ijkqj!k � fi (3)

where j�j is a constant rotational speed (�� !k), r� �x; y; z� is a
positional vector, and the second and third terms on the right-hand
side represent the centrifugal and Coriolis forces associated with the
rotating frame of reference [26,27].

In generalized curvilinear coordinates, using the conservative
formulation of Viviand [28], the governing equations (2) and (3) for
the elastodynamic system can be shown [12,29] to assume the
following flux-conservative form:

@��A=J� � @���A=J��t � �1=J���xB� �yC� �zD�� � @���A=J��t
� �1=J���xB� �yC� �zD�� � @���A=J��t
� �1=J���xB� �yC� �zD�� � R=J (4)

where

A� ��u; �v; �w; 
xx; 
xy; 
xz; 
yy; 
yz; 
zz�T

B� �
xx; 
xy; 
xz; ��� 2��u; �v; �w; �u; 0; �u�T

C� �
xy; 
yy; 
yz; �v; �u; 0; ��� 2��v; �w; �v�T

D� �
xz; 
yz; 
zz; �w; 0; �u; �w;�v; ��� 2��w�T

The Jacobian of the transformation, J, is given by @�x; y; z�=
@��; �; ��, and the metric quantities �t, �x, etc., have their usual
meanings. The right-hand side column vector R contains the
centrifugal and Coriolis terms and additional terms containing
spatial derivatives of the elastic constants for nonhomogeneous
bodies.

III. Numerical Scheme

In the original paper by Virieux [1], the velocity-stress staggered-
grid finite difference method was first proposed in Cartesian
coordinates to simulate earthquake signatures. The samemethodwas
extended by the author in simulating gear vibrations by casting the
elastodynamic equations in flux-conservation form in generalized
curvilinear coordinates. However, the staggered finite difference
method becomes very involved for flux-conservation form in
generalized coordinates. Therefore, a new time-centered dissipative
leapfrog schemewith an appropriate second-order dissipation term is
proposed here to be used in a finite difference simulation of elasto-
dynamics in generalized curvilinear coordinates in conservation
form. The scheme is very simple to use and is second-order in time
and space, and it integrates the velocity-stress system in generalized
coordinates. The flux-conservation form is maintained to ensure
proper capture of any discontinuities such as cracks in the elastic
medium. Both the spatial derivatives and time derivative are discre-
tized using central differences. The new second-order dissipation
term that eliminates the mesh drifting (checkerboard) instability is
shown to be superior to a conventional dissipation term [15].

To demonstrate the effectiveness of the new dissipation term used
in the numerical scheme, wewill consider a one-dimensional system,
as follows.

Assuming that the material properties are constant in time and
further that the density is uniform, the one-dimensional velocity-
stress system in Cartesian coordinates can be written as

Ut � AUx � BU� C

where

U� ut
Cpux

� �

A� 0 Cp
Cp 0

� �
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Fig. 1 Representative 80 � 21 grid of an annulus: 80 grid points in the

circumferential direction and 21 points in the radial direction.
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B� 0 �Cpx
0 0

� �

C� ft=�
0

� �

A is symmetric and the system is symmetric hyperbolic, and therefore
9 a real diagonal matrix � and an orthonormal matrix V subject to
A� V�VT . Therefore, we have

Ut � V�VTUx � BU� C

In general, for a real matrix A,

Ut � V�V�1Ux � BU� C

The time-centered leapfrog schemewith the dissipation term used
here is

Un�1 � Un�1 � 2�tA�0U
n � 2�tBUn � 2�tC

� ���x�2����Un�1

0 1 2 3

x 10−4

−0.6

−0.5

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

0.4

time, sec.

τ η
η 

/ E
inner radius
outer radius

0 1 2 3

x 10−4

−0.4

−0.3

−0.2

−0.1

0

0.1

0.2

0.3

time, sec.

v 
/ C

p

inner radius
outer radius

a) Tangential stress b) Horizontal velocity

Fig. 2 Time evolution at the inner and outer radii with the conventional scheme showing a rapid solution divergence; annulus rotating at 100 rps:

a) ���=E and b) v=Cp.
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Fig. 3 Time evolution with the new scheme: annulus rotating at 100 rps; 80 � 21 grid: a–b) ��� evolution at two radial locations, c) ���=E at L� 6, and

d) v=Cp at the inner radius, L� 1.
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where the central difference operators are given by

�0U� �Uj�1 � Uj�1�=�2�x� and

����U� �Uj�1 � 2Uj �Uj�1�=�x2 and �	 1

Using Fourier representation for each Fourier component of the
solution, let

Uj � �1=2��
Z
�

��
eij ~U� �d 

Ignoring time dependence of the conservative force field and the
term containing B, the leapfrog system becomes

Un�1

Un

� �
� 2�tA�0 I � ���x�2����

I 0

� �
Un

Un�1

� �

where I is a 2 � 2 identity matrix.
SettingUj � eij , the amplificationmatrix for this scheme is given

by

G� � � 2i��t=�x�A sin� � I � 4�sin2� =2�
I 0

� �

Because A� V�V�1, we can write the amplification matrix as

G� � �
V 0

0 V

 !
2i��t=�x��sin� � I � 4�sin2� =2�

I 0

 !

V�1 0

0 V�1

 !
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Fig. 4 Enlarged view of the time evolutionwith the new scheme showing a 5KHz natural frequency response: annulus rotating at 100 rps; 80 � 21 grid:

a–b) ��� evolution at two radial locations, c) ���=E at L� 6, and d) v=Cp at the inner radius, L� 1.
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Fig. 7 Enlarged view of the time evolutionwith the new scheme showing a 5KHz natural frequency response: annulus rotating at 100 rps; 60 � 15 grid:

a–b) ���=E evolution at two radial locations, c) ���=E at L� 5, and d) v=Cp at the inner radius, L� 1.
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Fig. 6 Time evolutionwith the new scheme: annulus rotating at 100 rps; 60 � 15 grid: a–b)���=E evolution at two radial locations, c)���=E atL� 5, and
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Because� is a real diagonal matrix, the eigenvalue problem forG
can bewritten as 2 � 2 block problems over the spatial index j. Thus,
it is sufficient to treat the eigenvalue problem for the jth block, and
the corresponding amplification matrix is given by

Gj� � �
2i��t=�x��j sin� � 1 � 4�sin2� =2�

1 0

� �

The eigenvalues of this amplification matrix are given by

�� i��t=�x��j sin� �



����������������������������������������������������������������������������������
�1 � 4�sin2� =2� � ��t=�x�2�2jsin2� �

q

For ��t=�x�2�2jsin2� �< 1 � 4�sin2� =2�, we can write

j�j2 � 1 � 4�sin2� =2�

Thus, the scheme is dissipative and the stability criterion is given
by

��t=�x�max
j
j�jj< 1 � 2�

where �j �
Cp.

IV. Boundary Conditions

Fully characteristics boundary conditions have been formulated to
prescribe the boundary conditions on velocities and stresses, as
follows. Equation (4) in a two-dimensional �y; z� or ��; �� system can
be written as

@
A�M0A� � L0A� � R (4a)

whereM0 and L0 are matrices containing the material properties and
various metric quantities, and R is the term containing body forces
and any traction by way of boundary conditions. Equation (4a) can
further be written as

@
A�U�U�1A� � L0A� � R (4b)

or as

@
A�UX� L0A� � R (4c)

where

X ��U�1A�

is a vector of two incoming characteristics, two outgoing
characteristics, and one neutral characteristic, corresponding to the
zero eigenvalue of the matrixM0.

Therefore, on the boundaries, the solution variables are thus
expressed in terms of these characteristics. Boundary conditions

�� � 0 and 
�� � 0 at the inner and outer boundaries are incor-
porated in this procedure. The diagonal matrix � is given by

��

0 0 0 0 0

0 Cp

��������������
�2y��2z

q
0 0 0

0 0 �Cp
��������������
�2y��2z

q
0 0

0 0 0 Cs

��������������
�2y��2z

q
0

0 0 0 0 �Cs
��������������
�2y��2z

q

0
BBBBBBBB@

1
CCCCCCCCA

V. Results

Physical quantities are normalized with Young’s modulus E, the
acoustic (dilatational wave) speed Cp, and the characteristic dimen-
sion such as the inner radius of the annulus rin. Young’s modulus is
given by E� 2:1 � 1012 dyne=cm2 for the steel annulus considered
here. The predictions are compared with the axisymmetric steady-
state theoretical solution [30,31] for a rotating annulus.
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Fig. 8 Steady-state stress results for annulus rotating at 100 rps;
comparison of predictions with 60 � 15 grid versus theoretical solution
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A. Rotating Annulus

The thickness of the axisymmetric rotating annulus is assumed to
be sufficiently small as compared with its radius so that the radial and
tangential stresses do not vary over its thickness and therefore the
solution sought is the plane stress solution. The closed-form plane
stress solution for the rotating annulus is given in [30,31]. Theweight
of the annulus is neglected. An annulus with inner and outer radii of
10 and 30 cm is chosen for the simulation.

Because the theoretical solution for the rotating annulus is well
established [30,31], the need for a standard grid independence study
is not crucial here. During numerical simulation, it was determined
that a uniform 80 � 21 grid yields an accurate solution.However, two
representative uniform grids, 80 � 21 and 60 � 15, are chosen to
demonstrate the efficacy of the scheme, with 80 or 72 points in the
circumferential direction � and 21 or 15 points in the radial direction
�, respectively. Figure 1 shows the 80 � 21 annulus grid. It is
important to note here that the effect of the dissipation parameter on
the accuracy of the solution is appreciable. Four different values of
dissipation parameter equal to 0.01, 0.001, 0.0001, and 0.00005were
chosen to assess the effect of the new dissipation term on the
numerical solution. The annulus results correspond to a moderate
rotational speed of 100 rotations per second (rps). Initially, the
annulus is at rest at a zero-stress state. As the annulus is impulsively
rotated at 100 rps, it is thrown into a state of vibrations about an
equilibrium configuration that it would attain, had it been rotated
gradually from rest. The time history of these vibrations is followed
and the eventual equilibrium state is compared with the theoretical
solution [30,31].

Before discussing the results with the new scheme, a typical
calculation for a 80 � 21 grid was carried out with the conventional
dissipation term [15] using �� 0:00005 and the time step �t�
1:25E � 04. The results for the normalized tangential stress 
��=E
and the horizontal velocity v=Cp are shown in Figs. 2a and 2b. The
solution diverges very rapidly, as shown. In fact, time steps 2 orders
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of magnitude smaller than used here begin to stabilize the solution
with the conventional scheme. But with the new scheme, the solution
is stable and convergent for the time step used here, as we shall see
subsequently.

The first simulation with the new scheme corresponds to the
80 � 21 grid with �� 0:00005 and �t� 1:25E � 04. The time
evolution up to the normalized time of 0.23 (i.e., 23 rotations of the
disk) of the three quantities (tangential stress 
��, radial stress 
��, and
horizontal velocity v) are shown at given radial locations along a
radial line extending vertically up. The results, shown in Figs. 3a–3d,
show the corresponding vibrations attenuating over time. On closer
inspection of the early time histories shown in Figs. 4a–4d, the
annular disk rotating at 100 rps is shown to vibrate at a natural
frequency of approximately 5 KHz.

The corresponding steady-state results for 
�� and 
�� are com-
pared with the theoretical results [30,31] in Fig. 5. The agreement
between the simulations and the theory is sufficiently accurate.

The second simulation with the new scheme is a repeat of the first
simulation, except that the grid for the present simulation is 60 � 15.
Corresponding results are shown in Figs. 6a–6d, 7a–7d, and 8. Note
that the natural frequency response is maintained at about 5 KHz in
this simulation. With the 60 � 15 grid, simulation results suffer a
degradation in accuracy, as expected. This is shown through the
comparison with the theory in Fig. 8. Although refining the grid from
60 � 15 to 80 � 21 results in sufficient improvement in accuracy of
the predictions, the effect of the dissipation parameter � on the
accuracy of the predictions, regardless of the grid used, is remark-
able, as we shall see in the following section.

B. Accuracy and Uncertainty

In employing the artificial dissipation techniques in the solution of
partial differential equations, it is customary to choose the dissipation
parameter �	 1, and if the solution remains stable with this choice
of �, the ensuing solution is taken as acceptable. But, as we shall see
subsequently, this is not acceptable in the problem studied here. Four
values of � equal to 0.01, 0.001, 0.0001, and 0.00005 were selected
with the four corresponding stable values of �t of 5:E � 03,
2:5E � 03, 2:5E � 04, and 1:25E � 04, respectively. The four
simulations with these values of � and �t were carried out for the
60 � 15 grid and again for the 80 � 21 grid.

For both the 60 � 15 and 80 � 21 grids, the results of the steady-
state error analysis are shown in Fig. 9. The error is measured with
respect to the theoretical solution [30,31]. Figure 9a shows the
decrease in the 2-norm of the error, and Fig. 9b shows that for the1-
norm of the error in the tangential stress as the dissipation parameter,
� is decreased. Similarly, Figs. 10a and 10b show the corresponding
results for the radial stress. It is observed that the relative magnitudes
of these error norms are lower for the 80 � 21 grid, as expected, and
there is a clear dependence of the solution on the dissipation
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parameter. It is only for values of � of 0.001 and below that the
solution begins to become independent of � and attain the correct
form.

To quantify this error, point to point, with � as a parameter, Fig. 11
shows this parametric comparison for radial stress 
�� with the four
values of � for the 60 � 15 grid. Clearly, as � decreases, the
predictions uniformly tend to the exact solution. Figure 12 shows the
corresponding comparison for the tangential stress 
�� for the 60 �
15 grid. Similar behavior is exhibited by the predictions.

Again, correspondingly, for the 80 � 21 grid, Figs. 13 and 14
exhibit similar behavior of the error. In this case, as � is decreased, the
predictions tend to the exact solutionmore closely because the grid is
finer.

An interesting result in Figs. 15a–15d shows that as � is increased,
the solution, chosen here as 
��, is overdamped with �� 0:01, and
the vibrations attenuate too quickly, eventually leading to an
inaccurate solution.

Finally, another simulation was carried out for the case of a high
rate of rotation of 1000 rps, and a comparison between results for
tangential stress 
�� with and without the Coriolis force term in the
governing equations was made. The solution without the Coriolis
term is incorrect in the noninertial frame of reference, but the
comparison shown here serves to identify the magnitude of the
Coriolis effect. The results are shown in Figs. 16a and 16b. The long-
time frequency response of 5 KHz is maintained as in the case of
100 rps, as shown in Fig. 16a. Figure 16b shows the tangential stress
vibration response immediately following the impulsive start to be
very high: approximately 150KHz at the inner boundary and 50KHz
at the outer boundary. This short-lived secondary frequency response
is superimposed on the long-time natural frequency response of
5 KHz. For moderate rotation of 100 rps, this additional initial high-
frequency content is absent. The effect of Coriolis force manifests
itself following a very short interval after initial start and, not shown
here, persists until the steady state is achieved, as expected.

VI. Conclusions

A new first-principles formulation in noninertial frame and in
generalized curvilinear coordinates to study the elastodynamics of
bodies of nonuniform material properties in rotation has been
presented. A new dissipative time-centered leapfrog scheme is
proposed here that has enhanced stability characteristics over the
conventional dissipative leapfrog scheme. The new scheme has been
incorporated in the elastodynamic simulator FiDDLE to generate the
predictions. The axisymmetric predictions, obtained directly in the
time domain with the new formulation, and the new numerical
scheme are validated by comparing them with a steady-state
axisymmetrical theoretical solution [30,31].

The scheme can readily be applied to bodies with nonuniform
material properties for use in wave-based SHM and fluid–structure
interaction (FSI) problems, without any special boundary treatment
needed at material interfaces. Using the proposed formulation, of

particular use is the one-to-one correspondence of the grids on the
fluid–structure grid interfaces that obviates the need for solution
interpolation back and forth between the fluid and structure solutions
at these interfaces for FSI applications with traditional approaches.
The present approach coupled with a finite difference computational
fluid dynamics methodology can be extended easily in a pure
Lagrangian fashion to track the evolvingfluid–structure interface in a
given FSI application. Reference signatures with and without
material damage can be obtained directly in the time domain with the
present approach and used for damage detection in SHMapplications
[24,25].
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